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Abstract. In this paper, we give a more general sufficient condition for a degree sequence (di) 
to be realizable by a graph (without multiple edges and loops) containing a subgraph of speci- 
fied degree sequence tki)* When sequences (di) and (dim ki) are both realizable by graphs, it 
was shown earlier that the condition k 5 ki 5 k + 1 for all i and some k 2 0 is sufficient for the 
existence of a (dibgraph containing a (ki)-subgraph. We now show that for k > 1 it is enough 
to assume, for example, that k 5 ki < k + 1 holds for all i except possibly i = ie, ir, where 
kio > 0 and ki, > k + 1. 
1. Introduction 
Following the terminology of Rao and Rao [ 31, a graphical degree 
sequence (di) is called (ki> factorable if there exists a realization of the 
former sequence by a graph G containing a factor F which has degree 
sequence (ki>. More precisely, the vertex Ui which has degree di in G is 
required to be incident with ki lines of the factor. Rao and Rao had 
conjectured, and this was later verified by the author [ 21, that the con- 
dition that (di-ki > be graphical is sufficient for (k,> factorability if 
ki = k for all i. Subsequently, Kleitman and Wang [ l] have shown, by 
giving an algorithm for the construction of the graph G and a factor F, 
that the sufficient condition is in fact true for a larger class of sequences 
(ki) (see Theorem 2.1 below). In particular, they have shown that one 
of the ki ‘s might be arbitrary. It is the purpose of this note to extend 
the class of factor sequences (ki> for which the original conjecture of 
Rao and Rao remains true. We prove that two of the ki’s might be 
arbitrary provided they are greater than k. Similar extensions over those 
given by Kleitman and Wang are obtained for factorable sequences in 
the case of digraphs. 
* Present address: Department of Computer Sciences, University of Texas, Austin, Texas 78712, 
USA. 
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We collect some of the notations and terminology from [ 21 . The 
graphs and digraphs have a fixed set of vertices { vt , v2, . .., u, } and thus 
they are identified, respectively? with their set of lines and arcs. A line 
joining two distinct vertices vi, vi is denoted by (.ui, v~); as for digraphs, 
it denotes the arc from vi to vi. A digraph may have both the arcs (Vi, vi) 
and (vi, Vi). However, multiple lines (arcs) and loops are excluded from 
the present discussion. We suppose that a sequence (ki : 1 5 i 5 n > of 
non-negative integers is given. A subgraph F of a graph G (denoted by 
F & G) is said to be a subfactor if there are at most ki lines of F incident 
with the vertex Vi for all i. We say Vi is saturated if the degree of Vi in F 
is equal to ki, and uniaturated otherwise. F is said to be a (kjj factor, or 
simply a factor, if every vertex is saturated. A subfactor of a digraph G 
is defined in a similar way. Here, we suppose given a sequence of n pairs 
of non-negative integers (kf, ki). A subdigraph F c G which has at most 
kf and klr arcs, respectively, from and into the vertex Vi for all i is called 
a subfactor. We say F is a factor if all vertices are outer (inner) saturated, 
where outer (inner) saturated means that the vertex in question has out- 
degree (indegree) in F equal to kf (ki). Our last and the most important 
concept is that of an alternating path. For graphs G and H (which will be 
chosen with degree sequences (di> and (di - ki), respectively), we define 
an alternating pathP = [(x0, x,), (x,, x2), . . . . (x,, xt+J as a sequenc- 
of distinct lines with the following two properties: 
(a) the lines are alternately in the graphs G \ H and H \ G, 
(b) two consecutive lines of the sequence are incident with a common 
vertex. 
(A slightly different definition was used in [ 21 where the first line 
(x0, x1 ) E G \ H.) When G and H are two digraphs, we define an alter- 
nating chain by a sequence of arcs of the form P = [(x0, x1 ), (x2, x1 ), 
(xz,.x3 ), (x4, x3 ), --- 1, the arcs being alternately in G \ H and H \ G. 
Note that the ith arcs (i = 2, 4, . . . ) of P are traversed in the opposite 
direction as we visit the vertices x0, x1, x2, . . . in that order. IPI denotes 
the number of lines (arcs) in P, and 1 G 1 the number of lines (arcs) in G. 
It should be mentioned that the present work was inspired by the 
work of Kleitman and Wang [ 11. The proofs of our theorems are esse:n- 
tially the same as those given in [ 21, except that we did not realize their 
full strength until the work of Kleitman and ,Wang showed such possi- 
bilities. We shall assume familiarity with [ 21 on the part of the reader, 
and save repeating the lengthy details of the arguments used in that 
paper. The undirected graphs are considered in Section 2, and Section 3 
is devoted to digraphs. 
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2. Undirected graphs 
Let I = {i: di- ki > 0). Kleitman and Wang have proven the following 
generalization of [ 2, Theorem 2.11 where we assumed that k 6 ki 2 k + 1 
for all i. 
Theorem 2.1 (Kleitman and Wang). Let (di> and (di - ki) be two graph- 
ical sequences such that one of the following two conditions is true: 
(a)Forsomek>O,k<ki<k+lforalliEIanddi=ki<k+l 
otherwise. 
(b) k > 0 and (a) holds for all i except i = i, while kiO is arbitrary. 
Then the sequence (di > is t ki > factorable. 
The generalization obtained in this paper allows exceptional values 
at two different places i, and i, . We prove the following theorem. 
Theorem 2.2. Let (di) and Cd,- ki>.be two graphical sequences such that 
one of Theorem 2.1 (a), (b), and the following condition is true. 
(*) k > 1 and Theorem 2.1 (a) holds for i # i,, i,, where ki,, kil > 0; 
moreover, if max( kj,, , 
and m 2 k--2. 
kil )= m < kand i,, i, E I, then i(i: ki 2 k)l < m 
Then the sequence l di > is t ki > factorable. 
The proof of Theorem 2.2 is in some sense a modification of the 
proof of [ 2, Theorem 2.11. As such the present proof is compact, and 
only those steps involving major changes are explained here omitting 
otherwise elaborate details. We refer the reader to [ 21 for the proofs 
of all unsupported facts. In short, the proof of Theorem 2.2 goes as 
follows: We assume that there is no realizing graph of sequence (di > 
which contains a (ki) factor. A suitable choice of a realization of the 
sequences (di> and (di- ki> and a subfactor is made, and then an alter- 
nating path is obtained joining two unsaturated vertices which is of 
shortest length. From the properties of this path we derive three sets 
of inequalities relating various ki’s. Finally, it is shown that a sequence 
satisfying any of the three conditions of the theorem fails to satisfy an 
appropriate number of the derived inequalities. 
Proof of Theorem 2.2. Assume the theorem is false. Let the graphs G, 
H and F be chosen as follows: The degree sequences of G and H are, 
respectively, (d$ and Cd, - k,>, and F is a subfactor contained in G \ H. 
Moreover, I FI + 1 G n HI is maximum among all possible choices of the 
176 S. Kundu, The k-factor theorem 
three graphs. Since F is not a factor, there is at,least one unsaturated 
vertex. It is not hard to see that there exists an alternating path P with 
the following properties: 
(1) P is (line) disjoint with the subfactor F, 
(2) the first and the last line of P belong to G \ H, and 
(3) the end points x0 and xt+l are unsaturated. 
Let P be such a path having the smallest number of lines. The following 
facts were proved in [ 21. 
Fact 1 (Theorem 2.1, Part 6). ]PI < 5, and for IPI = 5, the second and 
the fourth lines have a vertex in common, i.e., P = [(x,, x1 ), (x1, x2), 
hz, x3), (xp Xl), cq9 xg)l. 
Fact 2 (Theorem 2.1, Part 5). If P is of length 3 and x0 = x3, then 
every line of H incident with x0 belongs to G. 
Fact 3 (Theorem 2.1, Part 2). If Q = [(ye, yl ), (vl, Y*), . . . . (YQ, Y~~+~)I 
is an alternating path with distinct end points y, and y2q+l, where 
009 Y2q+l 16 Q and Q n F = 8, then both tiO, Y 1) and tie, Y 2q+l) be-- 
long to G \ H or to H \ G. In the former case, i.e. (yO, y t) E G \ H, the 
line 0~0, yzq+l) belongs to F if the vertices y. and y2q+l are unsaturated. 
We now obtain the inequalities relating various ki ‘s. 
Case I. IPI = 3 and x0 = x3. In [ 2] we proved that (x2, I+) E F implies 
(x0, ui) E F. Since x0 is unsaturated and (x0, x 1), (x0, x2) E G \ H. we 
conclude that k(x2) < k(x,) - 1. Here k(ui) stands for ki. 
Case II. lPI = 3 and x0 # x3. In this case, (x0, x3) E F and for every 
line (x2, Uj)> Uj # x0, belonging to F, the line (x0, Uj> belongs to F. Con- 
sequently, k(x2) < k(x,) - 1 as in the previous case. 
We now combine Case I and Case II. Suppose (x1, Uj> is a line of F. 
Redefine the subfactor as F’ = F + (x0, x1) - (x1 , ui). The alternating 
pathP’ = [( Ujy x1), (x1, x2), (x2, x3)] satisfies all those properties men- 
tioned above. Therefore, k(x2) < k(Uj) - 1. Since Uj is arbitrary, we con- 
clude that (the second set of inequalities by symmetry) 
(2.2.1) 
k(x, ) < k(x) - 1 for at least k(x 1) + 1 vertices x # x 1 , 
k(x,) < k(x) - 1 for at least k(x2) + 1 vertices x f x2. 
Case 111. P = KQ, q), (x1, x2), (x2, x3 1, (x3, x4 = x1 1, (x4, x5)1. We 
see that each of the following four lines (Xi, xj), where i = 2, 3 and 
i = 0,5, and the line (x0, x5) are in G \ H whence it follows (by mini- 
mality of IPI) that they are in F. For example, considering Q = [(x,, xl), 
(x1, x3 ), (x3, x2)] and Fact 3, we get (x0, x2) E G \ H. Now suppose 
(x,, i) u E F. Define a new subfactor F’ = F + (x0, x1 ) - (x, , ui) and the 
alternating path P’ = [(Uj, xi), (x 1, x2), . . . . (x4, x,)] , and also perform 
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similar interchanges with (X 1, x5) in the role of (x0, x 1>. We obtain that 
(Us, Xi) E F for 0 5 i <_ 5. Similarly, if (x1 , ui) were another line of F 
incident with x 1 , it would follow that (ui, ui) E F. All these are sum- 
marized in the following inequalities. 
(2.2.2) k(x) > k(x 1) + 3 for at least k(x 1) + 2 vertices 
different from x2 and x3. 
The k(x,) + 2 vertices in (2.2.2) are x0, x5, and the k(x,) vertices whi.ch 
are adjacent to x1 in F. For Case III, there is another set of inequalities 
which will be useful in proving the theorem for ki, < k. 
(2.2.3) Either max [ k(x,), k(x,)] <_ min [ k(x,) - 2, k(x,) - 21, 
or (2.2.1) holds true. 
This is proved as follows. Suppose the first part of (2.2.3) is false. 
Then, say k(x3) > k(x,) - 2, and let ui be a vertex different from x0, 
x5 such that (ui, x3) E F and (r+, x5) 6 F. Consider the following ex- 
changes of the lines of the cycle C = [(x5, x1), (x1, x3), (x3, ui), (u+s >I. 
(i) If (x 5, Uj) EH\ G, th en replace the lines (x5, Uj) and (x1, x3 ) in H 
by(x+q)and(x 3, vi), and put F’ = F- (x3, Uj) in order that F’ C G \ H. 
(ii) If (~5, Uj) E H n G, th en change the graph H as in (i) and let 
F’ = F- (X3 > Uj) + (XCJ 3 Uj>s 
(iii) For (x5, Uj) 6 G U H, replace the lines (x3, Uj) and (~5, x1 1 in G 
by (~1, ~3 ) and (X5, Uj>. Also put F’ = F- (X3, Uj) + (X5, Ui>- 
Each of these three exchanges results in an increase in the value of 
I G n HI + IFI. And that b eing impossible, we see that (x5 , Uj) E G \ H. 
But then with respect to the path P’ = [(x0, xl), (x1, x2), (x2, x3)] and 
the subfactor F’ as in (iii), we are in Case I. Therefore (2.2.1) holds. 
This proves (2.2.3). 
NOW since di - ki > 0 for the vertices x1 and x2, and also for x3 in 
(2.2.2) and (2.2.3), it remains to show that for a sequence (6,) that 
satisfies the hypothesis of the theorem, the inequality (2.2.1) and one 
of (2.2.2) and (2.2.3) are false. We leave such verifications to the reader. 
For the sake of clarity, the case k - 2 <_ max(ki, , ki, ) < k is explained 
below. Suppose (2.2-l) is true. Then necessarily xl, x2 are the vertices 
u;, , uil in some order, and i,, il belong to the set I. But then (2.2.1) is 
false for -Y, if we let k(x2) = maximum. On the other hand, (2.2.2) is 
false since Xr(.u 1 ) + 3 2 k + 1. 
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3. Directed graphs 
In this section we generalize a theorem of Kleitman and Wang for di- 
graphs in the same way as given by Theorem 2.2 for graphs. Let I- = 
{i : di - ki > 0)) and I+ be defined similarly. Kleitman and Wang 
established Theorem 3.1 (a) below. Part (b) constitutes its extension. 
Stated in terms of the indegrees, we prove the following theorem. 
Theorem 3.1. Let (d,+, di-> and (d+ - kt, df- kl> be two sequences 
which are realizable by digraphs. Then the sequence (df , die> is 
<kr, ki> factorable if on’e of the following conditions is true. 
(a) ki = k>OforiEI,andkr<kfori$I. 
(b) For i f i,, (a) holds true, and kio < k7 for at most m values of i, 
where m = min {kf : i E I+ } > 0. 
Proof. Suppose the sequence (df, d_) is not (kf , kJ> factorable. Let the 
digraphs G and H with degree sequences, respectively, (df, d7> and 
(c - kt , d[- ki), and a subfactor F contained in G \ H, be so chosen 
as to maximize the quantity IFI + IG 17 HI. Assume F is not a factor. 
There exists an alternating chain P = [(x0, x,), (x,, x,), (x2, x3), . . . . 
(X2,? x2t+ 1)] having the following properties: 
(1:) x0 is outer unsaturated and x2t+l is inner unsaturated, 
(2) (x,9 x1) and (x~~, x 2t+l ) belong to G \ H, and 
(3) P is arc disjoint with F. 
We proved in [ 21 that k-(x1) < k-(x2t+l), where k-(vi) stands for kf. 
Now let (x2r, ui) be an arc of F. We define F’ = F + (x2t, x2t+l) - (x2t, vi), 
and let P’ denote the chain obtained by replacing the last arc in P with 
(x zt, Uj). It then follows that k-(x1 ) < k-(Uj). The vertex Uj being arbit- 
rary, we conclude that 
(3.1.1) k-(x,) < k-(x) for at least k+(x2J + 1 vertices 
x other than x2t. 
Finally, observe that d-(x,) - k-(x,) > 0 and a similar inequality with 
the outdegrees is true for x2*. However, the sequences (k:, ki> satis- 
fying the hypothesis of the theorem do not satisfy the inequalities 
(3.1-l ). The theorem is proved. 
There are many other sequences (kr, ki> for which the conclusion of 
Theorem 3.1 holds true. Some of them can be obtained by combining 
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(3.1.1) with the corresponding inequalities for outdegrees, namely, 
k+(xzt) < k+(x), etc. In particular, the following seems worth mention- 
ing. A sequence (df , df> is (kf , ki> factorable if m of the indegrees kly 
are > k and arbitrary, where m is defined as in Theorem 3.1. 
I would like to thank Professor D.J. Kleitman for pointing out an 
error in the earlier version of Theorem 2.2. 
Note added. The proof of Theorem 2.2 shows that the sequence (d$ 
can be realized so as to contain a (k,> factor provided we assume that all 
ki not satisfying Theorem 2.1 (a) are greater than k + 1 and that there 
are no more than k such degrees. For a constructive proof of Theorem 
2.2, see the forthcoming paper of Kleitman and Wang “A generalized 
k-factor theorem”. 
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